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Frequency-Response Data Presentation
Standards and Design Criteria

By RUFUS OLDENBURGER,! ROCKFORD, ILL.

This paper gives standards for the presentation of fre-
quency-response data. The standards are recommended
by the ASME-IRD Dynamic Systems Committee to facili-
tate the exchange of information directly and through
the medium of publications. The Committee recom-
mends that magnitude curves be plotted on logarithmic
co-ordinates, and phase on the linear scale versus fre-
quency on the log scale. Further recommendations in-
volve transfer functions, measurements, nonlinearity,
ambient effects, and other factors. The paper was written
. with the technician in mind, as well as the automatic
. control engineer and scientist. For this reason the
reader with little or no mathematical background is
carried as far as possible into the theory of the frequency-
response field. Basic design criteria, in common use, as
well as others, are given, and it is shown that control de-
sign, as far as dynamic performance is concerned, can be
reduced, at least in rough analyses, to simple properties
of curves that may be either theoretically or experimentally
obtained. From the slope of one such curve the designer
can often say whether or not a controller will be stable
when placed on the system to be controlled. It is hoped
that this paper will enable as many readers as possible to
start on the scientific design of controls, and where they
do so to use the standards here recommended. It is not
implied that the reading of this paper is a substitute for a
Inowledge of some of the vast body of mathematics on
which it is based. One objective of the paper is to give
management, at least technical management, some in-
sight into how automatic controls can be designed scien-
tifically. The paper concludes with a discussion of therole
the frequency-response approach plays among the de-
sign techniques available to the worker in the automatic
control field.

INTrRODUCTION

HE ASME-IRD Dynamic Systems Committee, hereafter

referred to as the “DS-Committee,” was formed by the

IRD Executive Committee November 26, 1951, to recom-
mend standards for the presentation of frequency-response data,
The necessity for such standards become apparent simultaneously
and independently to several members of the ASME who were
employing frequency-response methods in the design of automatic
controls. Some confusion had resulted because different compa-
nies presented the same frequency-response information in differ-
ent ways. Thus one company would graph magnitude ratio ver-
sus frequency, and another the logarithm of the magnitude ratio
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versus the logarithm of the frequency. From a glance at the
frequency-response curves for a physical component a great deal
can be said about the dynamie properties of the component, pro-
vided that one is familiar with the co-ordinates used. In order
that the curves of one company be readily interpreted by another
it is highly desirable that they plot their curves on standard co-
ordinates. These and other considerations led to the formation
of the DS-Committee. Since its founding, this committee has
made a thorough study of the matter of standards. The stand-
ards it wishes to recommend are incorporated in this paper.

To facilitate the understanding of the DS-Committee recom-
mendations, and the frequency-response approach to control de-
sign, some of the background will be covered in this paper by the
author, and design criteria given so that the technician with lit-
tle, or no mathematieal training, can with this information at
least begin the scientific design of automatic controls. Most of
the design criteria have appeared in various places in the servo-
mechanism literature. One of the objectives of the paper is to
give technical management some insight into how automatic con-
trols can be designed scientifically.

Summaries of design criteria and committee recommendations
are given near the end of the paper.

RecoMueENDATIONS FOR MagNrTupE AND PrAsE Cunrves
Consider a physical system as in Fig. 1, with an input m and an
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output c. The input is a variable whose value m controls the
value ¢ of the output. An example is the case of a diesel engine
where the throttle controls the speed of engine. The variable m
may be taken to be the throttle position in inches and ¢ the speed
of the engine in revolutions per minute. As is customary, the
input and output are measured as deviations from equilibrium
values, that is, values for which the engine speed and the throttle
position are steady.

As the input is varied sinusoidally, so that m = A sin wt for
the magnitude (amplitude) A, constant w, and time ¢, the output
eventually will vary sinusoidally if the system is what the mathe-
maticians call linear. Experience and theory show that it is ad-
visable for the reader to assume that the system he is studying
can be treated as a linear system, unless proved otherwise.

The quantity w is the product of 27 by the frequency f of the
oscillation, that is, approximately 6.28 f. For steady oscilla~
tions the output of the linear system is B sin (wt + ¢) for a mag-
nitude B and phase angle ¢. For a linear system and a given
frequency f the quantity B is proportional to theinput magnitude
A

The quotient B/A is the magnifude ratio of the output to the
input. In Fig. 2 the “magnitude frequency-response curve” of
a diesel engine is plotted for the case of aload with small damping,
For the example of Fig. 2 the quantity c is measured in units of
a hundred rpm and the input m is in inches.

Discussion on this paper will be accepted at ASME Headquarters until January 11, 1954
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The reader familiar with the frequency-response field will rec-
ognize the curve in Fig. 2 as that of a single-capacity system.
Plotting the information of Fig. 2 on log co-ordinates,® one
obtains the curve in Fig, 3. It will be noted that the curve in Fig.
3 can be approximated by two asymptotic straight-line rays as
shown dashed in Fig. 3. The reader will recall that if the part of
a straight line to one side of a point on the line is removed, whatis
left is a “ray.” The curve formed by these rays is called the
asymplotic magnitude curve of the engine. Since logarithms
of real numbers to one base are proportional to the logarithms of
these numbers to another base, the base associated with the log
co-ordinates is immaterial.

Suppose that the engine speed is measured and that the dif-
ference between this speed and a speed setting, which it is desired
to maintain, actuates & governor that positions the throttle. The
difference can be considered to be the input to the governor and
the throttle position to be the output. If the input is oscillated
sinusoidally, the output will do the same, assuming again that the
system is linear. A plot of a typical governor is given in Fig. 4.

2 These plots are often called ‘‘Bode plots.”
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“The curve in Fig. 4+ can be approximated by the asymptotic

curve shown dashed in Fig. 4, composed of two straight-line asymp-
totic rays represented by the first and last segments and two in-
termediate straight-line segments. To obtain this asymptotic
curve it is really necessary to have the mathematical formula,
that is “‘transfer function” for this curve. Where the technician
is not acquainted with these functions, he will probably have to
work with the actual response curves.

Suppose now that the governor is pluced on the engine, but that
the loop is open as shown in Fig. 5. Here the engine speed-meas-
uring element is disconnected from the rest of the governor, the-
oretically if not actually. If the input e (actuating signal) to the
governor is oscillated sinusoidally the output ¢ (controlled varia-
ble) of the engine, namely, the engine speed (measured from equi-
librium), will vary sinusoidally (for practical purposes). By
mathematics it can be shown that the magnitude curve of the
system composed of the governor and engine is obtained
by merely adding ordinates on the megnitude curves for the
components, plotted on logarithmic co-ordinates. Thus the
vectors A and B in Figs. 3 and 4, at 0.03 cycle per second, are
added to get the vector A + B in Fig. 6 where the magnitude
curve of the governor-engine open loop is plotted. It is conven-
ient to think of the horizontal line Iabeled 1 as the horizontal
axis because the logarithm of one is zero. The vectors 4, B, and
A + B are thus measured from this axis.

To use the method of addition of ordinates it is necessary for
the output of the controller and the input to the process (con-
trolled system) to be measured in the same units. For the analy-
gis of this paper the input e to the controller and output ¢ of the
process must be measured in the same units.
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If the corresponding ordinates of the asymptotic curves in Figs.

3 and 4 are added, the broken line in Fig. 6 is obtained. Thisis
the asymptotic magnitude curve of the governor-engine open
loop. It is seen that the resultant curve obtained by using the
straight-line approach is not much different from the correct
curve,
Increasing the magnitude ratio of the governor-engine system
by a factor K, regardless of frequency, is said to ““raise the gain"
of the system by K. The definition of “gain' is beyond the
scope of this paper, and will be omitted (5).*

Raising the gain of the governor-engine system corresponds
merely to shifting the magnitude curve of Fig. 6 upward. Gain is
often readily adjustable in a physical system. When logarithmie
co-ordinates are used one can often work with straight-line asymp-
totic approximations to the magnitude curves. Because of
these considerations, the following recommendation is made by
the DS-Committee:

Recommendation I. [l is recommended that magnilude curves be
plotted on logarithmic co-ordinates with the “magnitude ratio” as the
vertical co-ordinale and the “frequency’ in cycles per unil lime as the

Except in England the frequency f is used in preference to the
period P as the co-ordinate on the horizontal scale. Oscillators
are generally marked for cycles per unit time, such as eycles per
second, and it takes an additional computation to obtain radians
w per unit time. For these reasons the use of frequency is recom-
mended.

It may be desirable to plot frequency on a nondimensional
scale.

Let R be the magnitude ratio. It will be recalled that the
magnitude ratio in decibels is 20 logeR. The use of decibels is
standard in the Bell Laboratories approach. However, the use
of the logarithmic seale for magnitude ratio eliminates the need

3 Numbers in parentheses refer to the Bibliography at the end of
the paper.
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for converting magnitude-ratio values to decibels, thereby saving
time in making plots of experimental data.

For the diesel engine the phase curve is shown in Fig. 7 with
frequency and phase plotted on log and linear scales respectively.
The output lags the input as shown. The governor for the
diesel engine has the phase curve of Fig. 8. Continued to the
right the curve bends over and is asymptotic to the —180-deg line.

The phase angle of the governor-engine open-loop system at a
frequency f is obtained by adding the phase angles of the compo-
penta at the frequency f. Thus the vectors E and F in Figs. 8 and
7 add up to the vector E + F in Fig. 9 where the phase curve is
pbﬂdfwdu,ﬂemmmddthemmdmm.

The use of a linear scale in angular degrees to express the phase
difference between the input and output of a physical system is
well established. The following is therefore recommended by the
DS-Committee:

Recommendation 2. [t is recommended that “phase’” be plotled
in degrees on a linear vertical scale and “frequency” in cycles per
unil time on a horizontal logarithmic scale,
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It will be convenient to use the eame unit of measure for cycles
on the magnitude and phase plota of Recommendations 1 and 2,
The magnitude and phass curves are just about as typieal of a
" physieal device as fingerprints are of a2 human being, These
curves can be used to obtain the differentinl agustions of physical
systems, to diagnose troubles when there is disagreement be-
tween theory and experiment, and to design automatie controls
for systems fo be regulated.

Desiex CrRItERIs BaseEp oN MaeNITUDE AND PHase Curves

From the magnitude and phase curves for the open loop the
performance of the closed loop iz determined (1), Now let r
(reference input) be the speed setting in the governor, and ¢ the
actual engire speed {measured from equiltbrium), The situa-
tion when the governor is regulating the engine apeed is pictured
in Fig, 10. A necessary requirement of the control is that the
system of Fig. 10 be stable. From the magnitude and phase

r rec
GOVERNOR

ENGINE .. ——

Fic. 10 Cmﬁnb Loop

curves for the open loop of Fig. 5 & great deal can be said about
the stability of the closed loop, and rough design rules can be
stated. To save space it is convenient to plot both magnitude
and phase curves on the same sheet of paper. For the engine ex-
ampls the curves are given in ¥ig. 11.

Dr. Harry Nyquist of the Bell Laboratories wrote the pioneer-
ing paper (2} of the frequency-response field. By advanced
mathematies he solved the problem of stability for closed loops
aed linear systems by reducing the problem to the study of the
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open-loop response. Dr. Hendrik Bode of the Bell Laboratories
extended this work and intreduced (3) the concepts of gain and
phase margin to be defined immediately. In terms of these con-
cepts some simple design rules ean be given.

Suppose that a small disturbance 5 is applied o a system 8,
where § eventually dies out. If for each such disturbance § the
resulting response of 8 dies out, the system § is said to be stable.
Otherwise, S ia unstable.

When the open-loop magnitude ratio is 1, we are at gain cross-
over. Suppose for the moment that there is only one point of
gain crossover, This may be said to be the normal case. If we
subtract the phase lag at gain crossover from 180 deg, the phase
margin is obtained; that is, the phase margin is the sum of 180
deg and the phase angle. It is to be recalled that the phase angle
ia negative for a lag, and positive fornlead. If there is more than
one point of gain crossover the angular difference just defined is
formed for each poeint, and the minimum is defined to be the
phase margin, The phase margin is indicated in Fig. 11 for
the example under discussion. In this case the phase margin is
about 30 deg. The reader will note that when the magnitude
ratio {gain in the Bode sense) is 1, its logarithm is zero, and the
magnitude curve crosses what may be conveniently thought of as
the horizontal axis,

If we are at a condition where the phase Ing is 180 deg (phase
angle is ~-180 deg) we are at a point of phase-crossover, Sup-
pose firat that there is only one such point. This may be con-
gidered to be the normal case. Let B be the magnitude ratio
at phase crossover, The gain margin is then 1/R if R is less
than 1, and equal to B if X is greater thon or equal to 1. The
gain margin is often measured in decibels. If there is more than
one point of phase crossover, the “gain margin" is by definition
the minimum of the quantities { B} with > 1 and {1/R} with
R = 1 for the R's nt phase-crossover points, In Fig. 11 a vector
has been drawn to indicate the gain margin. IEis not the length of
the vector. For the example of Fig. 11 the magnitude ratio R ab



phase crossover is approximately 0.2. The gain margin is then
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1/0.2, thatis, 5. In decibels this is 20 log:s 5, or simply, 14 db.

The Iag for the open loop may never reach 180 deg. In this
case the gain margin is not defined. Similarly, the open-loop
magnitude ratio may not reach 1, in which event the phase margin
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isnot defined. Where a margin is not defined, and it is referred
to in the design rules, the designer does not have to concern him-
self with it,

For the purpose of exposition it will be convenient to extend the
definitions of gain and phase margins to some limiting cases. If
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the lag never reaches 180 deg but approaches 180 deg as the mag-
nitude ratio goes to zero, the gain margin will be azid to be infi-
nite, and will ther be denoted by «. Similarly, if the magnitude
ratio never reaches 1 but approaches 1 ag the lag goes to zero, the
phase margin is said to be 180 deg.

From the lawa of physics (4) and energy limitations it is known
that as the frequency increases beyond nil bounds the magnitude
ratio of the open lvop approaches zero or a finite positive number.

In Fig. 12 are shown gain and phase margins for some open-loop
physical systems. '

The following design rule is in common use (5~9):

Design Rule I.  The phase margin should be at least 30 deg and
the gain margin af least 2.6 (8 decibels).

These rules ean be justified on mathematical grounds. It can
be shown by complex varigble theory that the condition of 180-
deg phase lag and magnitude ratio equsi to 1 for the open loop
is to be avoided, Rule 1 insures that this condition will be
avoided by a definite margin, This will be clarified furtherin the
discussion of transfer locus plots.

The foregoing design rule should be considered a rough criterion
that enahles the technician untrained in mathematics, as well as
one who is trained, to take the frequency-response curves of the
control and the system to be controlled, and eliminate some poor
designs. It can be proved that, in general, it is not safe to ailow
smaller phase and gain margins. Thus a phase margin of § deg
or gain margin of 1,05 would place the system in a sense so close
to the border of instability that the solution would be highly os-
cillatory, and if the frequency-response curves were obtained all
or in part from theory rather than experiment the neglected fac-
tprs might throw the system into complete instabitity,

It can happen that the desige rule above is satisfied, but that
the closed-loop system is still too oscillatory: = An example will be
given near the end of this paper. It can be shown, however, that
for a wide range of physical systems the rules provide completely
adequate control. The rules thus give n margin of safety that
is often sufficient, but sometimes falls short. To be sure that a
eontrol will wark, the technician withaut the background to go
further into the theory might make use of a library of frequency-
reaponse curves that characterize good performance, and see to it
that the curves he obtains for a specific problem are identical or
close to a pair of curves known to be acceptable,

DesiaN oN Basis o Maanrrupe Corves ONLY

Bode {3) treated primarily physical systems that can be rep-
resented by ordinary linear differentinl equations with constant
coefficients. Let a magnitude curve W be given and consider the
gystems of the above type with the same W, Among the phase
curves for these systema there is onc for which the phase lags take
on the smallest values. A system with such a curve is ealled o
minimum phase syslem. For minimum phase systems Bode
showed that magnitude curve determines the phase eurve.t
Since it is sometimes more difficult to obtain the phase curve ex-
perimentally than the magnitude curve, it is desirable to have de-
mign criteria based on the magnitude curve alone.

From one of Bode's theorems (3) it follows that the phase angle
at & given frequency f, for & minimum phase system, depends
primarily on the slope of the magnitude curve {plotted on loga-
rithmie co-ordinates) in the neighborhood of f and, if the slope ie

4 In the process-control field dead time snd distributed lag often
play an important role. Where they do one doea not have minimum
phase systems, in fact, the ordinary linear differential-equations ap-
proach breaks down. The reader will then need both magnitude and
phase curves. However, although in this case the design theocy of
the present section does not hold, the rest of the paper still applies.
An extensive mathematical treatment of dead time nnd distributed
lag has been given by Oldenbourg and Sartorius (10). Alen aee Bode

{3), chapter 12.

reasonably constant in the neighborhood of f, the phase angle i
proportionsl to the slope of the magnitude curve, In fact, the
phase angle is approximately (90 m) deg for the slope m.

To illustrate this relationship the reader is referred to the solid
magnitude curve of Fig. 11. The part of the curve to the left of
the point a has the slope —1 approximately. The reader will
recall that & line with slope —1 fzlls one unit for each unit move-
ment to the right; thatis, the line makes an angle of 135 deg with
the horizontal axis. By Bode's result the phase angle should be
approximately —00 deg for low frequencies, which checks with
the figure. For the segment ¢-d of the magnitude eurve the slope
is approximately —2 {the line drops two units for each unit move-
ment to the right) and the corresponding phase angle should be
about —180 deg, which also agrees with the figure, To the right
of the point d the slope is approximately -3, whence the corre-
sponding phase angle should be about —270 deg. For high fre-
quencies the phase eurve is asymptotic to the —270-deg line,

The slope of the curve from a to b is approximateiy —1.6, and
from b to ¢ about —1.4. Therefore we would expect the phase
angle for the frequencies associated with the are from e to ¢ to be
about —135 deg, which is correct. It is evident that thereisa
rough correlation between the slopes —1, —2, and —3 of the seg-
ments of the asymptotie curve of Fig. 6 and the actual phase
apgles.

For points on a long section of the magnitude curve, but away
from the ends of this section where the slope m along the section
is a fairly constant integer, the formula —$0 m deg is a good
approximation to the phase angle. Near the ends of the seetion
the approximation becomes a very rough one. For a short sec-
tion the approximation is also very rough.

If gain crossover occurs at a point interior to a long section of
constant slope —2, thelag at gain crossover will be about 180 deg,
and the phase margin will be numerically small. To insure an
adequate phase margin the following rule (7) is used for the com-
mon case where the magnitude curve is falling at gein crossover:

Design Rule 2. The slope of the magnitude curve on logarithmic
co-ordinales 6l and near gain crossover should be about —1.

The slope —1 has been chosen because —1 is definttely greater
than the “dangerous’’ value ~=2, and at the same time it is gen-
erally, or at least often, desirable to stay as close to the slope —2
aa is practical in order to obtain a transient response that is suf-
ficiently oscillatory. Let f denote the frequency at gain cross-
over. It is customary lo design for a slope near —1 over the fre-
quency range from 1/af t0 2f, The extent of the regian aver which
the slope should be —1 to each side of the point of gain crossover
depends on the slope away from gain crossover. With experience
the designer will know about how much to allow for this.

The dashed curve of Fig. 11 is obtained by moving the solid
magnitude curve of Fig. 11 down & distance egual to log 2.
Design Rule 2 is satisfied by the dashed magnitude curve of
Fig. 11 since the slope is approximately --1.4 (this is near enough
—1 for practical purposes) at and near gain crossover. It is not
so well satisfied by the solid msgnitude curve since the slope on
this curve rapidly changes to —2 as one passes gain crossover.
The solid magnitude curve, however, still represents a stable

In Fig. 13 the magnitude and phase curves are shown for a sta-
ble system with the loop open, where the magnitude curve rises at
a point of gain crossover. This may be considered to be the
unusual rather than the common case, The phase margin is
more thar 180 deg, and the system has a large margin of stability
when the loop is closad.

Tn plotting the frequency-response curves, it is not necessary to
know the precise nature of these curves for all frequencies. Thus
for a physical system with transients that endure 1 or 2 min it is
not normally necessary to know the response at 100 eycles per
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minute (cpm) or 0.01 epm. In fact, a range of 10 epm to 0.1
cpm is often sufficient.

The frequency-response curves should be plotted for an inter-
mediate range of frequencies, and not necessarily for extremely
low frequencies. Where gain and phase margins are defined these
curves should be known for a range of frequencies that extend
well beyond the frequencies at the crossover points. A common
case is that where the asymptotic magnitude curve in the neigh-
borhood of gain crossover is composed of three sections with
slopes —2, —1, and —2, respectively, a8 shown in Fig. 14. The
magnitude curve (solid or dashed) of Fig. 11 is an example to
which Fig. 14 applies. To insure adequate stability margins the
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author recommends the following rule® based on a mathematical
study of transfer functions (see Appendix to this paper for some
mathematical details):

Design Rule 3. Consider a syslem with a portion of its open-loop
magnitude curve approzimaled by the curve of Fig. 14 (composed of
atraight-line sections), where the sections with slope —2 are long
compared to the middle section (section with gain crossover) wilh
slope —1. For this system it is desirable lo have the distance AC
equal to aboul */; to /s of the distance AB. The quotient of the
magnitude ratio associaled with the point D by thal for E should be
at least 6 (ralio of frequency associated with B to that for A should be
at least 5).

It can be easily shown that the magnitude ratio associated with
the point D of Fig. 14, divided by the magnitude ratio associated
with E, is equal to the frequency associated with B divided by the
frequency associated with 4.

It follows from Bode's phase-magnitude relationship that in-
creasing the slope of a magnitude curve (making it less steep where

& In (9), p. 185, the ratio AC[AB equal to ! [ is recommended.

=1

the curve is falling) increases the phase angie. If now one or both
sections adjoining the middle section with slope —1 are short sec-
tions with slope —2 adjoining sections with greater slope (not as
steep), the ratio of the frequencies associated with the points B and
A can be somewhat less than 5, such as 4.

For the governor-engine example of Fig. 11, the middle sec-
tion be of the solid magnitude curve has a slope about —1.4 while
the adjoining sections ab and cd have the approximate slopes
—1.6 and —2, respectively. The points a, b, ¢, and d marked on
this figure are points of demarkation between sections with es-
sentially different slopes, and may be called “‘break points.” In
the strict sense the expression break point applies to a point
where straight-line sections of different slopes meet. For pur-
poses of exposition we shall use the more liberal interpretation
given here. On the magnitude curve in Fig. 11 the break points
are not unique, but are chosen visually.® For the asymptotic
magnitude curve they are unique. In Fig. 6 they are the points
a’, b, ¢/, and d’. In a very rough way the section ab may be
treated as one with a slope approximately equal to —2 and the
section be as one with the approximate slope —1. The vertical
distance from ¢ to b is the log 6.5, whence the quotient of the mag-
nitude ratios corresponding to DE of Fig. 11 is 6.5. Design rule
3 is satisfied in this respect.

The sections a’b’, b’c’, and ¢’d’, of the asymptotic magnitude
curve for the governor-engine example have the slopes —2, —1,
and —2, respectively, Fig. 6. The vertical distance between b’
and ¢’ is log 4, whence the corresponding ratio is 4. Thisdoes not
satisfy Design rule 3. However, the section a’b’ is not long com-
pared to b’c’, and the ray on the asymptotic curve to the left of a’
has the slope —1. It follows that the quotient of the magnilude
ratios associated with the points b’ and ¢’ can be somewhal less
than the 5 of Design rule 3, and the actual value 4 is quite satis-
factory.

The point of gain crossover on the solid magnitude curve, Fig.
11, is near the right end of the middle section. For the asymp-
totic curve, Fig. 6, it isat theright end. Design Rule 3 is thus vio-
lated in this respect. Let the logarithms be taken to the base 10,
Moving the magnitude curve down a distance 0.3, as shown in the
dashed curve in Fig. 11, brings gain crossover at a point in agree-
ment with Design Rule 3, namely, to or near the mid-point of the
middle section. This is true whether we work with the magni-
tude curve or its asymptotic approximation.

As noted before, displacing the magnitude curve on logarithmic
co-ordinates up or down changes the gain of the open loop ac-
cordingly. This is one of the major advantages of plotting mag-
nitude on these co-ordinates. Doubling the gain merely multi-
plies each amplitude ratio by 2 and thus adds logis 2, that is, 0.3, to
each ordinate. Halving the gain corresponds to moving the
magnitude curve down a distance 0.3 since logp 0.5= —0.3.
As noted before, in the example of Fig. 11, we have halved the
gain in going from the heavy to the dashed curve. Changing the
gain does not affect the phase curve.

The foregoing application of Design Rule 3 may appear to lack
precision, but this rule has been illustrated with an actual arbi-
trarily chosen example. Nevertheless, the rough methods given
here yield good quantitative results,

The desire to have an adequate but not excessive phase margin
is a reason for the foregoing rule. The author will introduce here
an adjunct intended to help the designer secure adequate gain
margin and stability. This adjunct is based on a study of trans-
fer functions. Itisassumed that we have the common case where
the magnitude curve is falling at gain crossover.,

Let R be the magnitude ratio at a point P. The magnitude

¢ The writer asked six technicians one at a time to select the break
points on this curve, given only the curve. All of them came re-
markably close to the four break points of Fig. 11.
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margin at P is by definition 1/Rif R < 1and Rif B = 1. The point P is shown on the daghed magnitude curve in Fig.
Destgn Rule 4. If after gain crossover the slope of the magnifude 11, and the magnitude margin QP at P is 3 (9 decibels). On the

curve ig more than —& {curve not as sfeep as when the slope s —2)  solid curve thia margin is inadequate.

until a point P 45 reached, and the slope eventually is less than —2 On an asymptotic curve the point P is uniquely determined and

(slesper) the magnitude margin at P shouid be 8 (8 decibels) or more.  Design Rule 4 is then particularly easy to apply. :
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We noted previously that Bode's phase-magnitude relationship
implies that increasing the slope of the magnitude curve (making
it less steep where the curve is falling) increases the phase angle.
Thus if the point of gain crossover with which the phase margin is
associated is kept fixed and the slope of the magnitude curve is
increased (less steep where the curve is falling), the phase margin
is improved. From the same Bode relationship it follows that if
the slope of the magnitude curve never is léss than —2 (no steeper
on the falling portions), the phase lag never exceeds 180 deg, and
there is no gain margin. Any portion of a magnitude curve where
the slope is less than —2 (steeper) tends to increase the phase lags
and deteriorate the phase margin.

Innumerable design rules like those of this section can be formu-
lated. No group of such rules can replace the direct mathemat-
ical study of a given problem, but they can help the engineer in
his rough analysis of a control problem.

For higher frequencies lag components tend to decrease phase
angles whereas lead components tend to increase them.

The frequency-response curves for an example of a simple lead
component are shown in Fig. 15. Adding ordinates, the response
curves of the system of Fig. 12(h) change to those of Fig. 16
when this lead component is incorporated.

For a lag component we have the corresponding curves in Fig.
17, and the result of adding ordinates to those of Fig, 12(b) yields
the curves of Fig. 18 for the system obtained. At higher fre-
quencies the new magnitude curve drops below the old one.

The system of Fig. 16 is stable, whereas that of Fig. 18 is un-
stable.

Systeums WitHout Usity FEEDBACK

Consider the system of Fig, 19 where there is a component in
the feedback path so that the input to the control is not r — ¢ as
in Fig. 10.

r r=b ¢
- CONTROLLER PROCESS -
b| rFeepsack ,
r COMPONENT [

F16. 19 Svstem Wita ComproNeENT 1N FEEp-Bacx Patr

The previous theory applies here, but to obtain the open-loop
magnitude-frequency response curve, as when we open the loop at
A, we must add ordinates of the three magnitude curves for the
controller, process, and feed-back component. The same is true
for the phase curve. The case of Fig. 19 is a common one since
the variable ¢ to be controlled must be measured and the measur-
ing element will generally involve leads and lags. The controller
responds to the difference r-b between the input r and the output
b of the feed-back component. Thus a temperature control with
a thermocouple measuring element is sensitive to the difference
between the temperature setting and the temperature as meas-
ured by the thermocouple. The thermocouple has a thermal
lag. = a

If for the range of frequencies involved in the stability of the
loop shown in Fig. 19, the response of the feed-back component can
be neglected, the loop of Fig. 19 reduces to thatof Fig. 10. This
could be the case for a temperature control with a fast thermo-
couple. .

Transrer Locus (Nyquist) Prors

The DS-Committee does not recommend standardizing on any
one type of frequency-response replot. The type of replot that

most clearly demonstrates the effects of a component on over-all
performance depends on the location and character of the compo-
nent and upon the criteria of performance desired. The applica-
tion of frequency response to some common problems is well un-
derstood. However, its application to complex control problems,
particularly process control, has not been evaluated fully. Indus-
trial processes are subject to multiple disturbances and interacting
effects, many of which are known to exist, but few of which have
been quantitatively determined. Means of demonstrating these
effects will be developed by the practising engineer. In publish-
ing his findings, he should be free to choose and devise the replots
best-suited to his problem. However, since the committee ree-
ommends that the magnitude and phase frequency-response
curves be given on logarithmic co-ordinates, the reader will fin d it
convenient to use the log magnitude-phase charts to be discussed
later. The DS-Committee therefore makes the following sugges-
tion:

Recommendation 3. Where il is convenienl lo do so the use of
log magnitude-phase charts (also referred lo as Black or Nichols
charts) in preference lo other types of replots is recommended.

The transfer locus plot is a commonly used and widely recog-
nized replot. This is the well-known Nyquist plot and combines
in one curve the information supplied by the magnitude and fre-
quency-response curves of an open loop (the other replots are also
called “transfer locus plots” in the literature, but we prefer to
reserve this terminology for the Nyquist plots). This plot is
obtained by drawing a curve on polar co-ordinates where the vec-
torial angle for a frequency f is the open-loop phase angle, and the
length of the radius vector is the open-loop magnitude ratio for
the frequency f. The frequency is thus the parameter along the
curve.

The solid curves in Fig. 11 for the governor-engine open loop
combine to give the transfer locus of Fig. 20. Thus when j =
0.064, the magnitude ratio is 3 and the phase angle —136 deg as
shown for the point P. The light portions of the curves in Fig.
20 to the left of the vertical axis are distorted to show how the
curves are asymptotic to the vertical axis. Also, the curves are
enlarged in the neighborhood of the origin to make the small loop
visible.

=80

-390
Fic. 20 Traxsrer Locus or Govervor-Excine Orex Loor
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To enlarge the scale of the periinent portion of the plane the
D8-Committes makes the following recommendation:

Recommendation 4.  Where readability and aceuracy of dalo ez-
lraction con be improved by moving the co-ordinale axes lo ons side or
corner of the iransfer locue ( Nyguist) plot, this is recommended,

MaTHEMATICAL BACEGROTND

It in hoped that even though the mathematically untrained
reader may not understand the details of the present section he
will at Jeast obtain a genernl idea of the theory involved,

The dependency of the.output of a linear system on the input
{11) in describad by the “transfer funetion’ G{s) of & complex
varigble 3, where G(s) ia related to the concept of impedance in
electrical theory. It canbeshown that the transfer locunisa plot
of this function for 8 = jw, wherej =4/ —1, and « = 2w for the
frequency f, while f varies from 0 to ., By drawing a symmetri-
eal branch with respect to the horizontal axia the conjugate eurve
is obtained, asaociated with G{jw) for w ranging from 0 to — <.
For the governor-engine example the conjugate curve is shown
dashed in Fig. 20 as a branch running from the origin upward and
asymptotic to the —270 deg ray. For the transfer functions
normally treated (such as those analytic except for poles) theory
ghows that if the magnitude of the radius veoctor increases beyond
all bounds as w goes to zero, the transier locus is asymptotic to
one of the vertical or horizontal rays, emanating from the origin
0. 1i the transier locus termtinates st finite points, the locus and
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Fro. 21 MzTHODS 0F CLosiNG A CURvE ForMrp BT TRANSFER
Locus anp Ita CoNjooaTe

ita conjugate form a closed curve. The end of the transfer locus
associated with w = = ig & finite point (4), If the other end
{w = 0} is asymptotic to one of the rays emanating from the
origin, the curve formed by the transfer locus and its conjugate
in closed by drawing a propériy chasen arc. In physical aystems
the Jocus is often asymptotic to the —90-deg ray and sometimes
to the —180-deg ray, It is fairly uncommon to have the locus
asymptotic to the —270-deg ray. It therefore will be sufficient
for what follows 4o thow the teader how (o close the vare formed
by a tranefer locus and ita conjugate in the cases where the —-00,
—180, or -=270-deg ray is the asymptota,

From complex variable theory invelving the Nyquist stability
eriterion the curves must be closed in s certain way {the closed
curve is to be traversed once as one goes once, say, clockwise,
“ground” the right half of the s-plane) and the arce for closing
the curves can be taken to be cireular arcs (they may be more
than 360 deg) of very great (“infinite”) radius as indicated in
Fig. 21. In Fign. 21 (s)and (b) the —30-deg ray is the asymptota.
In Figs. 21 {c) and (d) the asymptote is the —180-deg ray.
Finally, Fig. 21(s} shows the method of closure in the case of a
—270-deg ray. In Fig. 21(s) the trapsfer locus is ssymptotis to
the —270-deg ray in the third quadrant, and it takes 13/: revolu-
tions in the clockwise sense to closa the curve, The curva formed
by the transier locus, its conjugate, and closure are will be ealled
the “closed transfer locua.”

In Fig, 20 the cloeure i ghawn by the dashed ave in the right
hali plane. The closed transfer locus can be traversed in a
counterclockwise direction as shown by the arrows. As we
traverse this locus we do not encirele point {1, —180-deg).

=180

Fig, 22 Crosen Tranavme Locus or Unerasts Srerew

For the transfer locus of Fig. 22 plotted as & solid line the curve
in closod as shown. When we traverse the curve once as indicated
by the arrows we encircle the point (1, —180-deg) twica. The
closed transfer locus for the example of Fig, 12(d) is shown in
Fig, 23. . The net oncirclement of the point (1, ~~180-deg) for
this case is zerv. o

To get the nat encircement draw a vector from the point (1,
—180-deg) to & point P on the transfer locus. Let P traverse the
entire closed eurve. The vecior will rotate through an angle
(360n) deg, where » is the number of times the locus encircles

" the point (1, —180-deg).

It is assumed that the closed-leop linear systems under dis-
cussion &re stable if opened, For such systems Nyquiat's famous
stability criterion followa:

Nyguisi Stability Critsrion. Let S ba a closed-loop sysiem that is
stabls then the loop is opened, The aystem 8 is stable if and ondy if
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Fic. 23 Crosep Traxsrer Locus ror Case or Fio. 12(d)—a
STABLE SYSTEM

in one traversal of the closed transfer locus the net encirclement of the
point (1, —180-deg) is zero.

The cases of Figs. 20 and 23 are stable by this criterion whereas
Fig. 22 is the locus of an unstable system. The system S is
unstable if the locus passes through the point (1, —180-deg).

The Nyquist stability criterion can be stated in a more general
form to cover systems with unstable open loops.

Desigy Wit TransFeEr Locus Prots

For the practicing engineer, Nyquist’s criterion can be replaced

by the following:
Practical Stability Criterion. A system 1is stable if it has a posi-
tive phase margin. Otherwise il is unstable.

This criterion has been proved to hold for a system S that is
“absolutely stable” (3), that is, a system that is stable up to
some value of gain and unstable for larger values, or that is
stable for all gains.

Multiplying the gain of the open loop by & factor k corresponds
merely to multiplying each radius vector by the factor £. Thus
raising the gain by the factor 10 in the governor-engine example
changes the transfer locus of Fig. 20 to that of Fig. 24. The
locus now loops around the point (1, —180-deg), and the closed
system is unstable. The dashed portion of the curve in Fig. 24
is a distorted section to show how the curve is asymptotic to the
vertical axis, The phase margin is seen to he negative ns shown,

M axp N Locr

With the aid of auxiliary curves the frequency response of the
closed loop of Fig. 10 can be obtained directly from the transfer
locus of the open loop.

Let 3 be the magnitude ratio of the closed loop (see Fig. 10
with r as the input and ¢ as the output). It can be shown that the
curves of constant M are circles on the plane of the transfer
locus, as shown in Fig. 25. Here the transfer locus of Fig. 20
is drawn on the same graph. When f = 0.083 the locus crosses
the curve M = 1.5. Hence the magnitude ratio of output ¢
to input r at f = 0.083 is 1.5 for the closed loop. Note that the
“maximum value” M, of M for the pointa on the transfer locus
is 2.23. It can be shown that if the maximum value M, of M

=270
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for a transfer locus plot is very large such as 4, the transient per-
formance of the closed loop is poor. A transfer locus near the
instability point (1, —180-deg) implies a high M.

For M > 1 an M circle has the radius
M
M2—1

and center on the horizontal axis a distance

- M2

M—1

If M = 1 the M-circle reduces to a
IfEM<1

to the left of the origin.
straight line 1/; unit to the left of the vertical axis,
the M-circle has the radius
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M
1— 3=
and center on the horizontal axis a distance

. M
1— M2

to the right of the origin.

The following design rule is in common use (12). If the fre-
quency at which the maximum M is attained is positive, this fre-
quency is termed the resonant frequency. If at zero frequency
M = 1, the value of the frequency at which A first falls to
0,707 is termed the bandwidth,

Design Rule 6. The mazimum magnitude ralio M, of & closed
loop should be less than 2 and should be about 1.3. The bandwidth
or resonant Jrequency {if there 13 one) should be high as possible.

Mathematical considerations show that a low resonant fre-
quency or bandwidth megns slow transient performance. The
bandwidth (or resonant frequency} in Design Rule 5 is limited
by “noise” suppression requirements and other considerations.

Curves of constant phase lag for closed-loop frequency response
are cireles, and are called “N loct.”

Note: By Design Rule 5 the dashed magnitude curve of Fig.
1L is preferred to the solid one.

The quantity 3, is related to the phase margin (see Design
Rule 1). Suppose th.a.t gain crossover occurs at & point where
the phase margin is 30-deg. The value of M at this point is
1.93 (approximately), whence M, is at least 1.93. As the phase
margin ia decressed the value of M at gain crossover increases.
Thus if M, ia less than 1.9 the phase margin will be greater than
30 deg. Similarly, if M, = 1.3 the phase margin is over 45 deg.

RecoMuENDATIONS FOR TRANSFER Locus Prors

The DS-Committee makes the following recommendation with
regard to tranafer locus plota:

Recommendation 6. Ilisrecommended that a sufficient number of
frequencies be shown on the transfer locus o tindicale the ralz ab
which frequency affects the locus. The use of M and N loci should
be kept to minimum.

The recommendation to keep the use of M and N-loci to a
minimum is made to prevent the drawing from being crowded
with too many curves.

It has been customary to write the transfer function associated
with the open loop as KG for a gain constant K. It is often in-
convenient to determine and remove K from the transfar function,
especially in experimental studies, Instead, the following is

suggentad:

Fia. 28 Loor Wite Bore Forwarp aAND FRED-BACE CoMPONEBNTS
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Fra. 27 Sverru or Fla. 19 Wite Feeo-Back Courongwr PLacen
1 Fouawaro PorTION

Recammendalion 6.  Let G denole the open-loop lransfer funclion,
The plane of the transfer locus should be labeled as the G-plane
(ses Fig. 20) rather than as the KG-plane for a gain constant K and
frequency variani factor G.

The preceding discussion of transfer focus plots has been re-
stricted to closed-loop systems without frequency variant com-
ponents in the feed-back path. Let & denote the transfer function
of the forward portion of the loop, namely, of the controller-proc-
ess in Fig. 19. Let H designate the corresponding function for
the feed-back component so that GH is the transfer function of the
open loop (see Fig. 26). As noted before, the magnitude curve
(oo logarithmic co-ordinates) of the open Joop is obtained by
adding ordinates of the magnitude curves of the forward and
feed-back portions, and the same thing is true of the phase.
As far as the stability question is concerned, the reader may
treat the system ayif all components were in the forward portion,
as in Fig. 27. The M and N-loci now no longer designate the
magnitude and phase response of the closed loop of Fig. 18.
The designer can, however, design the elements involved in the
problem so that good stability is securad for the arrangement of
Fig. 27, using the criterion for maximum M given in the foregoing.
The system of Fig. 19 will now be equally stable. However, the
frequency response of the two loops will not be identical. This
msay be a factor, especially where it is necessary to bave the
otttput ¢ follow the input » very precisely, as in aiming an anti-
aircraft gun.

Thus far we have focused our attention on the response ¢ to
input settings 7 of the controller. This is of prime importance n
the design of follow-up servos. In the usual regulator appliea~
tions, however, s variable is kept at a constant or reasonably
constant value and the system is subject to disturbances not
arigsing from the controller setting. These are often load dis-
turbances, and will be referred to assuch. The transfer function
relating the load L and the output ¢ will, in general, be different
from that relating » and ¢. However, the stability problem is the
same, Thus, instead of treating the response of the closed loop
to sinusoidal oscillations of the load, we consider the responsa to
sinusoidal oscillations of the controller sotting, There are, of
course, situations where the designer will wish to study the
response to load oscillations directly.

Invemse Nyquist Prors

The transfer locus plot is the plot of the open-loop transfer
function . On the other hand, the inverse Nyquist plot (13)
ia the polar plot of 1/G, and is obtamed ag follows: The magni-
tude of the radius vector on the inverse Nyquist plot is the
magnitude (amplitude) of the input to the open loop divided by
the magnitude of the output (the reciprocal is used for the transfer
lIocus plot) and the vectorial angle is the negative of the phase
angle used for the tranafor locus plot.

For the case of unity feedback shown in Fig. 10, the inverse
Nyquist plot for the closed loop (relating r and ¢} is obtained by &
simple displscement of the points of this plot for the open loop.
The inverse plot makes it eagsy to modify the plot for the in-
corporation of feed-back components. ‘These considerations and
ita emphasis on the low-frequency region often make the inverse
plot a convenient one to work with. The inverse Nyquist plot
for the governor-engine example of Fig. 20 is shown as the solid
curvein Fig. 28. The reader will note that the locus is above the
(1, 180-deg) point instead of below it as for the direct Nyquist
plot. The phase margin is indicated in the figure. To imsure
stability it is required that this margin ba positive, and therefore
that the curve, sssuming a phase margin exists, must pass above
the (1, 180-deg) point as shown. The inverse plot for the closed
foop is given by the dashed line in Fig. 28, obtained by displacing
each point one unit to the right. For the case of unity feedback



OLDENBURGER—FREQUENCY-RESPONSE DATA, STANDARDS AND DESIGN CRITERIA 13

90
f=2
g ST - o l%t 'I_"‘h‘ \
e = i 0
. (1,180) 0 =
270

Fic. 28 Inverse Nrquist Pror ror GoveErvor-ExciNeE Case

Fie. 29 Ixverse Nyquist Prors

this displacement thus yields the closed-loop plot from the open
loop.

In Fig. 29 are shown inverse Nyquist plots for a physical system
with G and H as forward and feed-back transfer functions (see
Fig. 26). The heavier curve marked 1/G is the inverse Nyquist
plot of the forward part of the loop, and the lighter one marked
H is the transfer locus for the feed-back portion. The points
marked A and B are points for the same frequency f on the H
and 1/G curves, respectively, where f = 6.28. Adding the vectors
OB and 0A, we obtain the point C on the inverse Nyquist plot of
the closed loop by drawing the diagonal OC of the parallelogram
with sides OA and OB. The closed-loop inverse locus is the curve
with long and short dashes in the figure. A

The M loci are concentric circles on the inverse plot. The
distance from the origin to a point on the inverse Nyquist plot for
the closed loop is simply 1/M for the magnitude ratio M defined
as for the direct Nyquist plot (output magnitude over input).
The inverse transfer function for the closed loop is simply

1
g v &

Recommendation 7. Let G and H be the respective transfer func-
tions of the forward and feed-back portions of a closed loop. On

the inverse Nyquist plot the loci of the forward and feed-back parts
of the loop should be labeled 1/G and H, respectively (see Fig. 29).
The use of M-circles should be minimized,

Loe MagniTupe-Puase Prors

The log magnitude-phase (9) plot is obtained by graphing
magnitude ratio as the vertical co-ordinate on a logarithmie scale,
and phase angle on a horizontal linear seale. The log magnitude-
phase plot has the following advantages:

(a) The basic frequency-response data, presented with the aid
of logarithmic co-ordinates as recommended in this paper, may be
transferred directly to the log magnitude-phase plot with dividers.

(b) The products of several component frequency responses
may be combined by graphical addition and thus the effects of
cemponents on over-all performance may be easily demonstrated.

(¢) The log magnitude-phase plot has the advantage that the
gain of the open loop can be changed by merely sliding the log
magnitude-phase plot up or down. Changing the guin does not
affect the phase angle but moves the plot up or down as deseribed
for the magnitude curve on logarithmic co-ordinates. Normally,
a co-ordinate system with M and N-curves on a template is slid
up and down over the log magnitude-phase plot to change the
gain of the loop. 8

The log magnitude-phase plot has the distinct disadvantage
that M contours are not circles: hence special construction, or
templates, are necessary for drawing them. For the governor-
engine example of Fig. 11 the log magnitude-phase plot ia shown
in Fig. 30. :

Recommendation 8. It is recommended that the log magnitude-
phase plot be graphed with the magnitude ratio as the verlical co-
ordinate on a logarithmic scale and phase angle in degrees on a linear
horizontal scale.

Traxsrer Funcrions
Suppose that a physical system S is at rest before the instant
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¢ =0. Let theinputm to8beone which vanishesidentically for
{ <0. Letcdenote the output of S, and assume that the Laplace
transforms of m sod ¢ exist,

The transfer function of 8 is by definition the Laplace trans-
form of the output divided by that of the input, provided that
this quotient is unique.

Recommendation 3. The independent variadle in a lrgnsfer
Junction should be denoted by s. Thusg G(s) iz a lransfer function
of the compler variable s. [n actual computation jw ¥ (o be sub-
stituled for s,

RECOMMENDATIONS REGARDING PRESENTATION oF MEASURE-
MENT DaATa

1t is recommended that from the point of view of the presenta-
tion of measurements of frequency respoases, the least common
denominator of technienl audiences should govern,

Since attention should be focused on the diagram of the system
studied, it is not desirable to load up this drawing. If the
measurement equipment is simple, this equipment may be in-
dicated on the diagram with symbols different from those used
to deseribe the system components, or by the use of dotted lines,
indicating at most the real or equivalent circuit of the measure-
ment system. If the measurement equipment is complicated, a
simple diagram may be repeated, with the measurement system
putin by dotted lines, The characteristics and type of mensure-
ment systems used msy be tabulated either in the text or in the
diagram for the meastrement system, Most extensively, these
data could include:

{a) The input impedance in mechanical or electrical terms of
the measurement system relative to the impedance of the primary
system across the points of measurement,

(b} The input-outpul sensitivity of the measurement system
a8 a whole or by components. .

{e) The equivalent circuil of the measuremenl system, ita fre-
quency response, OF ita time constant if this exists,

The D3-Committee hag been eoncerned with the problem of
assuring that the measurement methods used in obtaining fre-
quency-response data:

{a¢) Can be reproduced to obtain the same data,
() Result in no modifications of the “true” frequency

(¢) If they modify the true response, that it msy be cor-
rected for.

(@) Or if it cannot be corrected for, that suitable discussion
be included to indicate the qualitative effect of the measurement
methoda, -

As much information should be given as would permit the
casyal reader 1o have a qualitative idea of the significance of the
measuring systemw, and the expert a quantitative idea. To
achieve this, such statements as “a rotating strut-type wire
fatigue testing machine,” “a linear accelerometer with a wide
frequency hand,’” or “‘the system response has no appreciable
lag” are not adequate. However, not much more information
is needed to be sufficient.

The common-sease view should prevsil so that the deseription
is mited to the principal uses of the system, with particular
refarences to the Jimite of operation, and the effect of uncontrolled
factors in the ambient environment,

AppITIONAL RECOMMENDATIONS

The frequency-response data should include the range of inputs
for which the data are linear, and experimentsl ar theoretical
eslimales of nonlineartty should be given where possible. In
genertl, if o large sinusoidal input signal and a small input sinusofd

produce the same magnitude aud phase regponses, the process can
be treated 0s linear, at leaat at the control point tbout which the
measurement wag taken. If the linearity is not known, a de-
tailed deseription of the experimental setup should be given.

Faivure orF DesteN CRITERIA

Commeanly used criterie for stability may be satisfied while
the system is unstable for practical purposes. To illustrate,
congider the system with the open-loop transfer function @ given
by

(.486

32+ 0351

The system is token to have unity feedback. For the function
G wo have the following:

M, =13tat @, = 1.2

G

Phase margin: 45°
Gain margin: =

Here @, is 27 times the resonant frequency. However, the roots
of the equation

are
—0.15 =021, ..o, (3]

The reader familiar with the root method of treating stability
will see that the transients will be highly oscillatory because the
coefficient 1.21 of j is much greater than the numerical value 0.15
of the real part. It is the experience st the author's company
that if the reel part is numerically small, such as 0.1, and the
coefficient of 7 is about 10 times the real part or more, the system
is unstable, This'occurs in the governing of the speeds of prime
movers where 1 sec is the unit of time used,

The present example violates Design Rule 2 since the siope of
the magnitude curve on log co-ordinates at gain crossover is
approximately —¢, ns-shown in Fig. 12 (a). However, this rule
was made only lo insure that the phase margin would be odequate,
which it is. Thus salisfying the slabilily crileria will not insure
adequate stabilily or adequate transienls, but may help to achieve
this,

Tae RoLg oF FREQUENCY-RESPONSE APPROACH

The irequency-response approach bas atfained its presemt
position in the automatic control field partly because many engi-
neers prefer working with curves rather than algebraic formulas,
and there is a general lack of familiarity with simple methods
(14) for solving algebraie equationsz of high degree. Where
possible it is desirable to derive the netual transients, or st least
obtain the characteristic roots. An analyst familiar with the
theory of such roots can tell from them what the curves for the
transients will look like, Where an analog computer is availa-
ble the problem of obtaining the transients is an essy one.
Considerable use i8 now being made of the Evans root-locus
method (15) of selving un algebraic equation, Like the fre-
quency-response design methods it has the disadvantage that it
involves the graphing of curves, All of the curve-drawing
approaches to the design of automatic controls, including the
snalog computer, suffer from the fact that a curve represents.
only o numerical case. Correct and rapid design can often, if
not generally, be accomplished only by manipulating the mathe-
maticsl formulas with general saymbols for some of the constantsa.
Ta do thia & congidershle amoeunt of mathematical training ia
indicated. Actually, both numerical and abstract studies are
needed in the analysis of automatic controls,
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The great power of the frequency-response approach for the
control engineer or scientist, with a considerable mathematical
background, lies in the application of frequency-response meth-
ods to areas, such us nonlinear phenomena, where the usual
algebraic methods fail (16). Hysteresis, saturation, and variable
damping are examples. The use of frequency-response curves
for diagnostic purposes rather than design is also invaluable in
that factors that should not have been neglected in a problem
often show up on these curves.

For the beginner the frequency-response approach is a boon.
This is especially true because of the correlation that exists
hetween the transient response and the frequency response of a
physical system (7).

Appendix

To clarify the use of transfer functions in making design rules
we shall consider a system with the open-loop transfer function

k(s + a)
e R [4]
s¥(s + 1)

where a and k are positive real constants, anda < 1. The asymp-

totic magnitude curve in this case is composed of three falling
straight-line sections with slopes —2, —1, and —2, respectively,
Fig. 14. The magnitude ratio E for this function is given by

The ratio p of the value of R at w = @ to the valueof Rat w =1
is given by

2
P a(l + a?)

The characteristic equation for the closed loop is
4tk tak=0................ 7]

Routh’s stability criterion (6) implies that 1 > a. For a value

of @ “near” 1, such as 0.5, the roots of the foregoing equation are
much too oscillatory. Fora = 0.5 we havep = 3.2, Forag =
0.2 the roots are satisfactory and p = 9.6. For these and other
reasons we have recommended in Design Rule 3 that p be chosen
equal to or greater than 5,
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